Testing equivalence of pure quantum states and graph states under SLOCC 
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A set of necessary and sufficient conditions are derived for the equivalence of an arbitrary pure 
state and a graph state on n qubits under stochastic local operations and classical communication 
(SLOCC), using the stabilizer formalism. Because all stabilizer states are equivalent to a graph 
state by local unitary transformations, these conditions constitute a classical algorithm for the 
determination of SLOCC-equivalence of pure states and stabilizer states. This algorithm provides 
a distinct advantage over the direct solution of the SLOCC-equivalence condition = S\g) for an 
unknown invertible local operator S, as it usually allows for easy detection of states that are not 
SLOCC-equivalent to graph states. 



I. INTRODUCTION 
A. Background and Motivations 

Graph states are the quantum analogs of classical 
graphs, in which qubits correspond to vertices and max- 
imal two-qubit entanglement is represented by an edge 
connecting the vertices. These highly entangled states 
of many qubits have been the subject of much the- 
oretical study over the past several years [l|, and 
have been physically implemented by several experimen- 
tal groups using both nuclear magnetic resonance Q and 
photons dH|. The interest is due in large part to the 
fact that with successive measurements of the constituent 
qubits of certain graphs, together with classical process- 
ing, it is possible to perform arbitrary quantum algo- 
rithms. In this sense, graph states serve as 'universal 
resources' for measurement-based quantum computation 
(MBQC) [UH. 

Graph states have several additional applications for 
quantum information processing. They are central to the 
theory of quantum error correction [13[ , because all stabi- 
lizer code states are equivalent to graph states under local 
unitary transformations, in fact under a very restricted 
set of operators belonging to the local Clifford group [14J . 
In recent years, it has been shown that graph states can 
be used for multiparty quantum secret sha ring [l5j . are 
closely related to classical spin models [lg, Il7l . and are 
associated with undecidable logic theories Hal. When 
the graph states are suitably weighted fill fl^-22], they 
can efficiently approximate t he g round states of strongly 
interacting spin systems [2lL l22j ] and can be used in or- 
der to implement random circuits using only measure- 
ments m. 

While graph states have wide uses in quantum infor- 
mation theory, it is not clear what other kinds of states 
can be used to accomplish the same kinds of tasks, nor 
even what are the essential properties of graph states that 
make them so useful. One might naively expect that any 
multipartite state with a large amount of entanglement 
(carefully defined in this multi-party context) would be 



equally useful. Very recently, however, it was shown in- 
dependently by two groups that the number of states 
that can serve as universal resources for MBQC decreases 
exponentially with the total number of qubits [24| [Hj]. 
Given a quantum pure state with n qubits, it would be 
useful to have a set of criteria such that one would be 
able to determine if it were in fact a universal resource 
for MBQC, and by extension a useful resource for more 
general quantum information tasks. 

The goal of the present work is to partially address 
this issue by considering n-qubit pure states \ip) that are 
equivalent to n-qubit graph states \g) by stochastic local 
operations and classical communication (SLOCC) [26l — 
[281 ] . Mathematically, the two states are connected by a 
tensor product of n local operations, \ip) = S\g), where 
S = Si ® #2 ® • • • ® S n and Si € GL(2, C). In princi- 
ple, any state that is SLOCC-equivalent to a graph state 
can accomplish the same tasks as the original graph state 
with finite probability: one first performs the inverse op- 
erations iS* -1 ^) and then works with the resulting graph 
state. Implementing the generally non-unitary operators 
S"" 1 is difficult in practice, however. Rather, one would 
perform the conversion with non-zero probability by (de- 
terministic) LOCC using an appropriate positive oper- 
ator valued measure (POVM) on each qubit [29(; Neu- 
mark's theorem describes how to translate a POVM into 
a projective measurement [3fj| . Alternatively, the de- 
sired quantum information task would be accomplished 
directly using some set of POVMs. 

It is worth noting that the probability of success of an 
information processing task on a SLOCC-transformed re- 
source state is often much lower than that corresponding 
to the same task on the original resource. For instance, 
the probability of successfully performing MBQC on a 
SLOCC-transformed cluster state, a well-known resource 
for MBQC, will be exponentially suppressed in the num- 
ber of gates appearing in the computation, since each 
gate will be probabilistic in general. This is in contrast 
to the case of MBQC on a perfect cluster state, which 
is deterministic. In order to determine the true util- 
ity of a SLOCC-transformed resource state for MBQC, 
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one could adopt a strategy, such as a percolation strat- 
egy [HI HI]; f° r distilling a perfect resource from the 
SLOCC-transformed one, on which MBQC would be 
deterministic. If the reduction in size of the SLOCC- 
transformed resource scales polynomially in the original 
size, then we could reasonably say that the SLOCC- 
transformed resource state is a useful resource for uni- 
versal MBQC itself. 

The classification of quantum pure states under 
SLOCC transformations has been the subject of much 
study in recent years. On two qubits, it is known that 
all entangled pure states are asymptotically SLOCC- 
equivalent [26|. On three qubits there are precisely 
two inequivalent classes I281. represented by the GHZ 
state [33[ and the W state [34[ • The determination of the 
number of SLOCC-inequivalent classes on four qubits re- 
mains controversial. Early work indicated that there are 
at least nine classes 35] ; more recently, it was shown that 
there are at least 28 truly inequivalent classes (3(| [37j , of 
which all but eight are non-degenerate (38|. Even the 
determination of bipartite separability of quantum pure 
states, let alone the classification of quantum pure states 
into multipartite SLOCC classes, is an NP-hard prob- 
lem m . 

Given the challenges of classifying quantum pure states 
under SLOCC even for small numbers of qubits, one 
might assume that determining SLOCC-equivalence be- 
tween an arbitrary n-qubit state and a graph state 
would be difficult. While this seems to be true, there 
does exist a classical test of the SLOCC-equivalence of 
these two states that is generally efficient at detecting 
SLOCC-inequivalence. The result hinges on the stabi- 
lizer formalism for graph states. By implication, any 
state that is SLOCC-equivalent to a graph state must 
also have a separable stabilizer, though in general con- 
sisting of separable non-unitary and non-Hermitian op- 
erators. Such generalized stabilizers were recently con- 
sidered in a different context [4(|. A related result of 
the present work is an algorithm for obtaining a sepa- 
rable stabilizer for an arbitrary pure quantum state, if 
one exists. The manuscript is organized as follows. Sec- 
tion [IT] gives some important definitions and notation. 
Section IIIII states the main result of this work, Theo- 
rem IIII. 11 together with some examples of how to apply 
it. Section HVl gives its full derivation. Section IVl explains 
how one would go about using the theorem to actually 
test for SLOCC-equivalence between a graph state and 
a pure state. In Section I VII a related result describing 
how one can build the separable stabilizer (in the gener- 
alized sense) of a SLOCC-transformed state is provided. 
Finally, Section IVIII summarizes the conclusions of this 
work. 



II. DEFINITIONS AND NOTATION 

In this paper, we use the following notational conven- 
tions. 



• Pauli operators. For integer k > 1, we define the 
set of fc-qubit operators Gk '■= a{I,X,Y, Z}® k for 
a G {±l,±j} (i.e., the set of n-qubit Pauli opera- 
tors modulo factors of fourth roots of unity). 

• Set notation for targets of separable quan- 
tum operations. The set of qubits on which a 
separable multi-qubit operator acts is written as a 
subscript on the operator. For example, the symbol 
O j denotes an operator O acting on a set of qubits 
J C V, where V is the set of all qubits. Boldface 
letters such as j denote bit strings, and j(0) and 
j(l) respectively denote the set of entries of j that 
are equal to and 1. Thus, Oj(o) is an operator 
acting on all qubits whose indices correspond to 
the positions of the bits of j that are equal to 0, 
and similarly for Oj(i). 

• Graph state. The n-qubit graph state \g) corre- 
sponding to an n- vertex graph G — (V,£), where 
V and £ respectively denote the sets of vertices 
and edges of G, is the stabilizer state that is the 
unique simultaneous eigenstate of the operators 
<j{ = XiZjju), where Af (i) is the neighbourhood 
of the vertex i. Note that all stabilizer states are 
equivalent to a graph state under local Clifford op- 
erations [14|. Thus, the results presented in this 
paper in the context of graph states are generaliz- 
able to arbitrary stabilizer states. 

• SLOCC operators and SLOCC-equivalence. 

The set of all operators corresponding to a branch 
of a SLOCC protocol on an n-qubit state is given 
by 



SLOCC (2 n ) 



i Si 



i=0 



Si G GL (2, C) 



Two n-qubit quantum pure states \tp) and \g) are 
said to be SLOCC-equivalent if and only if there 
exists an operator S G SLOCC (2™) such that 

W = S\g). 



III. MAIN THEOREM AND ITS INTUITIVE 
JUSTIFICATION 

The main theorem of the paper is the following: 

Theorem III.l. Let \g) be an n-qubit graph state with 
underlying graph G — (V,£), stabilized by S(G) = 
{ ^ | <n G Q n ,<Ti\g) = \g) }. Let S G SLOCC (2™). 
Then, any n-qubit pure state satisfies the conditions 

(riYvSYva.Z^S- 1 ^) = dct (S) 5 jfi , (1) 

for all i G V and j G {0, 1}" if and only if \ip) — S\g) . 
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In this Theorem, (ip*\ refers to the complex conjugate 
of ("01 in the computational basis, or equivalently the 
transpose of in the computational basis. The operator 
describes Pauli Z operators acting on all qubits in 
positions where the bit string j has entries equal to 1, 
and identity operators on all other qubits. Note that 
\ip) need not be normalized; however, it can be assumed 
to be so without loss of generality, as an unnormalized 
state is SLOCC-equivalent to \g) if and only if its 
normalized counterpart c\tp) (where c £ C) is as well. 
While the full details of the proof of this theorem are 
deferred until Section IIV1 the theorem can be justified 
intuitively as follows. The graph state \g) has a separable 
Pauli stabilizer Oi\g) = \g) with elements <7j = (§)? = o &ij 
with the aij € Q\ consisting of Pauli matrices X, Y, or 
Z. Suppose that is in fact SLOCC-equivalent to the 
graph state \g), i.e. that = S\g) with S = ®"=o &j 
and Sj £ GL(2, C). Because the Sj transform each of the 
Pauli operators in the graph-state stabilizer, the state 
must also have a separable generalized stabilizer, but now 
consisting in general of non-Hcrmitian operators cry = 
SjOijSj 1 (note that in general Sj 1 ^ Sj). Just as single- 
qubit Pauli errors project stabilizer states out of their 
code space, likewise the application of any number of 
transformed Pauli operators on the state \tp) yield states 
that are orthogonal. Thus the generalized orthogonality 
conditions (fTJ. 

A. Additional Considerations on the Main 
Theorem 



where Ai ^ for at least one i € {0,1, ... , \ J\ — 1}. 

Category I conditions are automatically satisfied for 
all pure states \tp), not just states that are SLOCC- 
equivalent to a graph state. Similarly, Category II con- 
ditions are automatically satisfied by any pure state \tp) 
that is SLOCC-equivalent to the desired graph state and 
can also be omitted when performing the inequivalence 
test. Thus, the only conditions that need to be tested 
for a complete SLOCC-equivalence test are Category III 
conditions. These statements are formally made as fol- 
lows: 

Lemma III. 2. (Category I conditions are automatically 
satisfied.) Let be an n-qubit pure state defined on the 
set of qubits V. Let J C V . Let Zj — SZjS^ 1 for some 
invertible S. Then, (ip*\YyZj\tp) — if \V\J\ is odd. 

Lemma III. 3. (Category LL conditions are automati- 
cally satisfied.) Let \ip) be an n-qubit pure state that is 
SLOCC-equivalent to an n-qubit graph state. Then the 
conditions of the form 

(r\(Y v )SO^S- 1 \ 1 p) = (4) 

where C G\j\ is the set of all n-qubit Pauli opera- 

tors with target J , are satisfied independent of the choice 
ofS. 

The proofs of Lemma [lIL2l and Lemma |TTL3] are given 
in Section IVl 



While in principle all of the 4" conditions obtained 
from the 2™ choices of stabilizer element and the 2 n 
choices of j in Eq. ([T]) are necessary for SLOCC- 
equivalence of \ip) to \g), in practice some of them do 
not constrain the form of the supposed SLOCC opera- 
tor S connecting \tp) and \g), and are thus not useful for 
SLOCC-equivalence testing. We can completely parti- 
tion the conditions from Eq. (fTJ into three disjoint cate- 
gories: 

1. Category I. These are the conditions of the form 
of Eq. (TTJ where (-1)™ ^ {-l) w , where W is the 
weight of the unknown operator SYyaiZj^yS^ 1 , 
i.e. the number of sites on which the local oper- 
ator acting is not proportional to the identity. 

2. Category II. These are those sets of conditions 
not falling into Category I that have the form 

{r\Y v Of\V) = (2) 

where |c^| is the set of operations involved in 

the SLOCC-equivalence conditions ([T]) that have 
target J. 

3. Category III. These are conditions of the form 

{r\Y v 0f\^) = A i (3) 



B. Examples 

Theorem IIII.ll gives a set of necessary conditions for 
SLOCC-equivalence of an n-qubit pure state \tp) to an n- 
qubit graph state \g). Each of these conditions contains 
between and n unknown transformed Pauli operators, 
which will be denoted X, Y or Z, where Z = SZS -1 
for some invertible S, and similarly for X and Y. For 
each choice of stabilizer element (Tj, the number of un- 
known local operators appearing is bounded below by 
|cTj(7)| + |<Tj(Z)|, the number of sites on which ai acts 
locally as either / or Z. The condition for which no un- 
known local operators appear is obtained from the unique 
choice for a where |u(I)| + |cr(Z)| = 0, or equivalently 
where a acts locally on all sites as either X or Y. This 
stabilizer element results from multiplying all n gener- 
ators together, because for each qubit the X multiplies 
either an even or odd number of Z operators. Therefore, 
the local operators composing Yycr G Q n are all propor- 
tional either to L or to Z . Moreover, the number of un- 
known local operators appearing in Eq. (fTJ) can take any 
value from to n. Similarly, consider the case in which a 
is the product of all but one of the generators. The num- 
ber of unknown local operators appearing in conditions 
resulting from this choice can be anywhere from 1 to n. 
In general, if the chosen stabilizer element is a product 
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of all but k of the generators, then at least k unknown 
local operators will appear in the associated conditions. 

Example III. 4. Suppose we would like to test if an 
arbitrary pure quantum state is SLOCC equiva- 
lent to the three-qubit linear cluster state \g%), which 
is stabilized by the generators {ci, 02, 0-3} = {X ® 
Z ® I, Z ® X ® Z, I ® Z ® X}. Let's rewrite these 
as {cri,(72,cr3} = {XZI.ZXZ,IZX} for brevity, with 
the position of the Pauli or identity operator represent- 
ing the qubit on which it acts. The remaining non- 
trivial stabilizers are generated by multiples of these: 
{ct 4 ,(7 5 ,(7 6 ,(7 7 } = {YYZ,XIX,ZYY,-YXY}. Eq. © 
with the choices a — (77 (the unique stabilizer element 
for which \a(I)\ + \a{Z)\ = 0) and j = 010 gives 

(^*|YvM=0, (5) 

in which no unknown local operators appear. Eq. ([1]), 
together with the stabilizers (74 through (77 (the elements 
for which |cr(/)| + |cr(Z)| < 1) and the appropriate choices 
of j, yields the conditions 



((r\Y v )HX\iP) = -i det(S); (6) 

((r\Yv)IIY\^) = 0; (7) 

((r\Y v )HZ\yj) = 0; (8) 

((r\Y v )IXI\yj) = 0; (9) 

({P\Y v )IYI\rl>) = 0; (10) 

((r\Y v )IZI\yj) = -idet(S); (11) 

((r\Y v )Xim = -idet(S); (12) 

({r\Y v )Yim = 0; (13) 

((r\Y v )ZII\yj) = 0. (14) 



Note that this particular graph state is symmetric un- 
der reflection about qubit 2, so that conditions (|12II14[) 
are the symmetry counterparts of ([S][5]). Eq. ([5]) is a 
Category I condition. The groups of conditions ([B][S]), (0- 
[TTj) . and (|12til4[) each correspond to transformations on 
a single qubit and are all Category III conditions. Simi- 
larly, conditions corresponding to transformations on two 
qubits can be obtained from all choices of a except for 
<7o = and those corresponding to transformations on 
three qubits can be obtained from any choice of a. 

Example III. 5. Consider now the five-qubit cluster 
state, stabilized by the generators {(71,(72,(73,(74,(75} = 
{XZIII, ZXZII, IZXZI, IIZXZ, IIIZX}. Choosing 
the stabilizer element ag — (71(72(73(74 = YXXYZ and 
j = 01100 and j = 01101 respectively yields 

(<t/>*\Y v IIIIX\1>) = 0; (15) 
(ip*\Y v JIIIY\ip) = 0. (16) 

Furthermore, choosing the stabilizer element (77 = 
(7 1(72(73(74(75 = —YXXXY and j = 01111 gives 

(i>*\Y v IIIIZ\ip) =0. (17) 



Eqs. (|15H17p are Category II conditions, and are thus 
satisfied by any n-qubit pure state \tp) that is SLOCC- 
equivalent to the five-qubit cluster; these conditions do 
not constrain the unknown elements of X, Y or Z . On 
the other hand, consider the stabilizer element 0% — 
(7i (7 2 (7 4 cr 5 = YYIYY. The choices j = 00000 and 
j = 00100 respectively yield 

(i(>*\Y v IIYII\il)) = det(S); (18) 
(tp*\Y v IIXII\ip) = 0. (19) 

Next, choose the stabilizer element (77 and j = 01010 
to obtain 

(i/j*\Y v IIZII\ip) =0. (20) 

Eqs. (|18H20p are Category III conditions, and do impose 
constraints on the unknowns appearing in the elements 
of X, Y and Z. 

IV. DERIVATION OF NECESSARY AND 
SUFFICIENT CONDITIONS 

By definition, an n-qubit pure state \ip) that is 
SLOCC-equivalent to an n-qubit graph state \g) obeys 
the relationship 

\1>) = S\g), (21) 

where S € SLOCC (2™). Eq. is a system of 2 n multi- 
variate polynomial equations of degree n in An unknowns 
(the four matrix elements of each of the n local GL (2, C) 
operators. In fact, not only are each of the polynomial 
equations of degree n, the degree of each of the individ- 
ual terms in each equation is also n. There are stan- 
dard methods for determining whether there exists a so- 
lution to such a system of multivariate polynomial equa- 
tions (for example, by computing a Grobner basis and 
examining the leading coefficients of each element) [4lj j ; 
however, these methods are generally very computation- 
ally expensive. In this section, the structure of graph 
states, and in particular their compact description us- 
ing the stabilizer formalism, is exploited in order to give 
a different form of necessary and sufficient multivariate 
polynomial conditions for SLOCC-equivalence between 
\ip) and \g), generically having degree much lower than n. 
These conditions can then be examined, roughly speak- 
ing, in ascending order of degree, to determine SLOCC- 
equivalence. The benefits of this scheme are twofold. 
First, SLOCC-inequivalence can often be detected by ex- 
amining the low-degree conditions, eliminating the need 
to look at high-degree multivariate polynomials. Second, 
the number of multivariate polynomials of degree n that 
must be inspected is generally much lower than 2™. 

The first relevant observation about graph states is a 
simple one, namely that the expectation value of any 
tensor product of single-qubit Pauli- .Z and identity op- 
erators vanishes for a graph state, except for the case of 
the identity operator itself. 
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Lemma IV. 1. Let \g) be an n-qubit graph state cor- 
responding to the underlying graph G = (V,£), having 
Pauli stabilizer £(G). Then, 

(g\aZ m \g) = S jfi (22) 

for alii € {0,1}™ and for all a G £(G). 

Proof. It is well-known that (glZ^^ \g) = Sj,q (see, for 
example, Ref. [l|). Since a is Hermitian, (g) = (g\o~ and 
thus, 

(ffk-Zj(i)ls) = <*i,o- 

□ 

Crucially, it turns out that the set of 4™ conditions of 
Eq. (|2"2"|) uniquely specify the state up to a global 
phase. 

Lemma IV. 2. Let \g') be an n-qubit pure state and \g) be 
an n-qubit graph state with Pauli stabilizer £(G) — {o~i}. 
Then, 

(g'\a i Z m \g') = 5 j , (23) 

for all G{ £ S(G) if and only if \g') ~ \g), up to a global 
phase. 

Proof. First, we prove the forward direction. Notice that 
since £(G) is a stabilizer, all of its elements are commut- 
ing and share the same eigenbasis. In fact, it is clear that 
their mutual orthonormal eigenbasis is \\vj) = Zj^lg)}. 
We already know from Lemma TlV. 1 1 that these states are 
orthonormal. The fact that they are eigenstates of all of 
the stabilizer elements of \g) can be seen by noting that 
all elements of the Pauli group cither commute or anti- 
commute, so o-iZ^^g) = ±Z^ 1) a t \g) = ±Z^\g). Note 
that all of the eigenvalues of the stabilizer elements cor- 
responding to these eigenvectors are equal to ±1. Writ- 
ing W) = T,j a j\ v j) and °i = J2j *j where the 
— ±1 and evaluating the expectation value of <X; in 
the state \g'), we find 

3,k,l 

= ^2Xk )a *j a i( v j\ v k)(vk\vi) 
3 

= 1, 

by assumption. In particular, for the case that o~i is the 
identity operator, all of the are equal to 1, so 

EM 2 = L C 24 ) 

3 

However, for any other stabilizer element, some of the Xj 
are equal to -1. The only eigenvector \vj) for which the 



corresponding eigenvalue is 1 for all of the stabilizer ele- 
ments is the graph state itself, \vq) = \g). Thus, the only 
way Eq. (|24|) can be satisfied for all stabilizer elements 
is if \aj\ = Si,j, which in turn implies that \g') = \g), 
up to a possible global phase. So we have proven that 
1.9') = 1.9) if (s'l (J ;|.9 / ) — 1' which in light of Lemma IIV. II 
tells us that \g') = \g) if {g'\aiZ- }{x) \g') = 5j t0 , thereby 
completing the proof of the forward direction. 

The reverse direction follows trivially from 
Lemma ITvTTl □ 

Similar conditions must be satisfied by SLOCC- 
transformed graph states, which can be determined by 
appropriately inserting resolutions of the identity / = 
SS- 1 into Eq. ([22]). 

Remark IV.3. Let \ip) = S\g) and (<f>\ = (glS" 1 , where 
S € SLOCC (2™) and \g) is an n-qubit graph state with 
underlying graph G = (V,£). Then, 

(#Z j(1) |V>=^o (25) 

for all j £ {0, 1}™, with = SZ^S' 1 . 

It should be noted that in general (<f>\ does not describe 
a normalized vector, regardless of whether \ip) was nor- 
malized. In principle, Eqs. (1251) arc conditions that must 
be satisfied by any that is SLOCC-equivalent to a 
graph state, and can therefore be used to test whether 
a given \ip) is inequivalent to a graph state. In practice, 
however, these conditions are not immediately useful as 
written. This is because we are not able to obtain (cj)\ 
from \tp), as S -1 (or equivalently S) is not known. This 
deficiency can be resolved by means of an observation 
relating (<j>\ to (ip\. 

Lemma IV. 4. Let \g) be an n-qubit graph state with 
underlying graph G = (V,£). Let \tp) = S\g) and (4>\ — 
(glS" 1 forS £ SLOCC (2™ ). Let a £ Q n be an element of 
the stabilizer for \g) . Let \g*) = (\g))* denote the complex 
conjugate of \g) . Then, 

tt\ = -j^mVvSYvaS- 1 (26) 

in any basis where \g) = \g*). 
Proof. It is easy to verify that 

where i £ V. This immediately implies that 

= ^- S Y V S-Y V . (28) 

Therefore, 

1-9) = S ~'W = ^ Y ^ T YvW- (29) 
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Taking the transpose and assuming we are working in a 
basis where \g) — \g*) (such as the computational basis) 
gives 

(.91 - ^(r\Yj {S T ) T Y? = -±^ {r \ Yv SY v . (30) 



dct S 



detS 



Note that (ip*\ = \ip*)^ = \ip) T . Right multiplying with 
aS^ 1 then yields 

(01 - (sis- 1 
= (gWS- 1 

1 -{^*\Y v SY v aS-\ 



detS 



□ 



Lemma IIV.4I and Remark IIV.3I are all of the ingredi- 
ents that are necessary for proving the main theorem, 
Theorem [ElLTJ 

Proof, (of Theorem 1) 

Using Lemma ITOl Eq. {25]) can be rewritten in the com- 
putational basis as 

= ^^(P\Y V SY V *S-% W \1>) 

= § 3,0- 

Rearranging the expression above gives us the requisite 
form of the necessary and sufficient conditions, namely 



(1> m \Y v SY v Z m \il>) = det(S)5 J , . 



(31) 



□ 



V. PRACTICAL TEST OF 
SLOCC-EQUIVALENCE 

Eqs. (|3"Tj) constitute a set of necessary and sufficient 
conditions for SLOCC-equivalence between a graph state 
\g) and a pure state \4>). Thus, a given state can be 
tested for SLOCC-equivalence to \g) simply by checking 
all of the conditions one at a time, setting the matrix 
elements of the location SLOCC-operators Sj to be un- 
knowns. As mentioned in Section HI however, there are a 
few different types of conditions to be considered. First, 
the Category I conditions, those involving an odd number 
of unknown transformed Pauli operators for states with 
even numbers of qubits, and vice- versa, are automatically 
satisfied by all pure states and do not aid in the SLOCC- 
equivalence test, as described in Lemma IIII.2I Here is 
the proof of that statement. 



Proof, (of Lemma HIL2J) 
Using Eq. ([2~T]) . we obtain 

Oj*\Y v ZM = (riYvSZjS- 1 ^) 

= {r\{S T )~ X Y v ZjS- l \^) defc(S) 



Taking the transpose of the above expression and noting 
that Y T = — Y gives us 

(P\Y V ZM = m{S T y l ZjYvS- 1 ^) det(5)(-l) |v| . 
Finally, using the anticommutativity of Y and Z yields 

(P\Y V ZM = (r\(S T y 1 Y v Z J S- 1 \i;)det(S)(-lf^ 
= (r\Y v ZM (-f) |y \ J| . 

□ 

Next, there are the Category II conditions, those that, 
while only being satisfied by SLOCC-transformed graph 
states, do not restrict the form of the SLOCC transforma- 
tion, as given in Lemma IIII.3I This statement is proven 
below: 



Proof, (of Lemma |ILL3J) The case for which \J\ and n 
have different parity is trivially covered by Lemma IIII.21 
so suppose that they have the same parity. Consider a 
set of 3 operators {Oj\iXi, Oj\iYi, Oj\iZi] e j 

that are identical except for the local operator acting on 
site i € J '. Assume the conditions 

(riYvSvOj^X^ 1 ^) = 0; (32) 
(riYvSvOj^YS^H) = 0; (33) 
(r\Y v S v Oj V ZiS^) = (34) 

to be true. From Lemma IlII . 2 1 we can infer that 

(riYvSOj^hS- 1 ^) = 0. (35) 

Constructing an arbitrary linear combination of 
Eqs. O, (GEO) and {35]), we find that 

W\Y v S VKi Oj\ i S^.S i (aX + bY + cZ + all) S^ty) = 0, 

(36) 

where a, b, c, d G C. But any arbitrary two-by-two matrix 
M over the complex numbers can be written as 

M = Si (aX + bY + cZ+ dl) S^ 1 . (37) 

Therefore, Eq. (|3"6"]) is true for arbitrary S. □ 

The above results tell us how to go about formally 
testing for SLOCC-equivalence between \ip) and \g): 

1. Construct formally all of the multivariate polyno- 
mial conditions of Eq. (|3f I) for the cases in which 
j = 00 ... 0, i.e. for which the right hand sides 
equal f, treating the matrix elements of the local 
SLOCC-operators {Si} as unknowns to be deter- 
mined. 

2. For each of the conditions obtained from the pre- 
ceding step, construct all of the remaining condi- 
tions in which the unknown Pauli operator appear- 
ing has the same target (i.e. acts non-trivially on 
the same subset of the qubits), having right hand 
side zero. These are the Category III conditions. 
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3. The remaining conditions are all Category I or Cat- 
egory II and can be ignored, as they provide no 
information about the unknown SLOCC-operator 
S. 

4. Use the Category III conditions in increasing or- 
der of polynomial degree to solve for the unknown 
matrix elements of the {Si}. 

Item (J4j) above may in practice be computationally 
difficult, so this SLOCC-equivalence test is not in gen- 
eral efficient. However, it is possible to detect SLOCC- 
inequivalence earlier than may otherwise have been pos- 
sible, as there are conditions that do not depend on the 
elements of the Si, and also conditions that do depend 
on these elements, but are of low degree (see the exam- 
ples of Section fl}. As a final comment, we note that for 
the case of graph states, the notions of SLOCC- and LU- 
equivalence coincide [42|, so this scheme may provide a 
generically efficient means for detecting LU-inequivalence 
of two graph states. 



VI. CONSTRUCTING SEPARABLE 
STABILIZERS FOR SLOCC-TRANSFORMED 
GRAPH STATES 

In this section, we briefly show how a separable gen- 
eral stabilizer for a SLOCC-transformed n-qubit graph 
state \ip) = S\g) where S € SLOCC (2 n ) can be built 
constructively given the state vector. By general stabi- 
lizer, we mean a group of order 2™, each element of which 
fixes \if)), but which is not necessarily a subgroup of the 
Pauli group Q n . By separable general stabilizer, we mean 
a general stabilizer whose elements can be expressed as 
tensor products of single-qubit (not necessarily Pauli) op- 
erations. First, we show how to construct the separable 
stabilizer (in the usual sense where the local operators 
are Pauli) for a graph state itself, given the state vector. 

Theorem VI. 1. Let \g) be an n-qubit graph state cor- 
responding to an underlying graph G = (V,£). Let 
\vj) = Zj(i)\g) and fj = \vj)(vj\. Then, the set 

|(Ti = l) 1 ^/?'} * s a separable Pauli stabilizer for 

Is). 



Proof. Let \g) = ®\+)® n , where <3 = U 
the product of controlled- Z operators between all pairs 
of qubits having an edge between them. Then, 



^ = E(- 1 ) ij ^ 



©^(-i) i -Jz j(1) (|+®")(+«"|)z j(1) e5. 



Assuming this works in the case where © is the identity 
operator (i.e. the graph state has no edges) , it will clearly 
work in the cases where the graph states do have edges, 



since the case for no edges gives a separable Pauli sta- 
bilizer, and 25 is in the Clifford group. All that remains 
is to show that the construction works for the edgeless 
case, which can be done inductively. For the case of one 
qubit, we can easily verify that 



-)(- 
-)(- 



-)(- 
-)(- 



I, 
X. 



These are manifestly the elements of the Pauli stabilizer 
for the one-qubit graph state. We can write this as the 
matrix equation 



si 



" 1 1 




"l+X+f 


1 -1 







= V2H 



-)(- 
-)(- 



(38) 
(39) 



where the components of the vector on the extreme right 
are two-by-two (density) matrices, H is the Hadamard 
matrix 



H 



1 

71 



i i 

i -i 



and s± is also a vector of two-by-two matrices whose 
entries are the elements of the Pauli stabilizer for the 
one-qubit graph state. Now, for an inductive hypothesis, 
suppose that the fc-qubit graph state has a corresponding 
stabilizer vector Sk given by 



-x- 

-><- 



(40) 



The vector of stabilizer elements for the fc+l-qubit graph 
state corresponding to a graph with no edges is then 
clearly 

s fe+ i = [ y/2H 



l+X+l 

I — >< — I 



2— H 



l+X+l 
l-X-l 



2% 



l+X+l 
l-X-l 



thereby proving the inductive hypothesis, and completing 
the proof. □ 

The above theorem shows how to find the stabilizer of 
a given graph state constructively, in terms of the fk ma- 
trices, which are obtained from the density matrix \g)(g\ 
conjugated by all possible n-fold tensor products of Pauli 
Z operators and single-qubit identity operators. It is im- 
mediately apparent that if an operator a fixes \g), then 
the operator SaS -1 fixes S\g). Therefore, the following 
corollary, which tells how to constructively obtain the 
separable generalized stabilizer of a SLOCC transformed 
graph state S\g), holds immediately: 

Corollary VI. 2. Let \g) be an n-qubit graph state corre- 
sponding to an underlying graph G = (V, £)■ Let \vj) — 
Zui)\g) and fj — \vj)(vj\. Let \ip) = S\g) where S £ 

SLOCC (2"). Then, the set {ct, = £,,(-l) i - i S7j<S'~ 1 } ™ 
a separable general stabilizer for \ip). 
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VII. CONCLUSIONS 

In this paper, we have provided a method for testing 
SLOCC-equivalence between a graph state and an arbi- 
trary quantum pure state. The method offers two clear 
advantages over direct solution of the defining equation 
\ip) = S\g) for S: the multivariate polynomial equations 
to be solved are of generically much lower degree than 
those in the defining equation, and the number of equa- 
tions of maximal degree to be solved is reduced. In par- 
ticular, since the conditions to be satisfied can be ar- 
ranged hierarchically in ascending order of polynomial 
degree, SLOCC-inequivalence between and \g) can 
usually be detected without consideration of high-degree 
polynomial conditions. We have also provided a con- 
structive method for determining the Pauli stabilizer of a 
given graph state; a method for constructing the general- 
ized separable stabilizer for a SLOCC-transformed graph 
state follows naturally from here. 

The principal significance of this work is to aid in the 
determination of realistic systems, namely the ground 
states of physically realizable Hamiltonians, that are re- 
source states for measurement-based quantum comput- 
ing. Although it is well-known that such resources can- 
not arise exactly as the non-degenerate ground states 
of Hamiltonians involving only two-body interactions, it 
may nevertheless be possible for a state that is SLOCC- 
equivalent to a resource state to arise in such a context. 
The types of tasks that can be performed using such re- 
source states (such as SLOCC-transformed cluster states) 
would in principle be the same as for the exact univer- 
sal resource states themselves. In general, the scheme 
would involve POVMs rather than projective measure- 
ments, and the probability of success would in general be 
diminished from unity. The next step in this direction 
is to use the SLOCC-equivalence conditions generated in 
this work to examine some classes of physically realizable 
spin Hamiltonians to see if useful resources for MBQC 



arise as their ground states. 

A relevant question is whether any significant improve- 
ments can be made to the SLOCC-equivalence test as 
phrased in order to make it efficient in general, even in 
the worst case. Examining Eq. [3B we see that in the case 
where j = 00 ... and dj acts as Y in all but one posi- 
tion, the multivariate polynomial equation is reduced to 
a degree-2 equation. If for a particular graph there exists 
a transformation by means of local complementations on 
vertices to another graph (43j with a stabilizer element 
having Y acting on all but qubit k, and this is possible for 
every choice of fc, then the SLOCC-equivalence test will 
never require examination of any polynomial equations 
of degree higher than 2. It would be useful to identify 
classes of graphs for which such a local complementation 
scheme exists. 

It would also be of great interest to develop a scheme 
by which to test SLOCC-equivalence of pure states to the 
so-called Matrix Product States (MPS), many of which 
serve as universal resources for MBQC [9j, and of which 
the graph states are a proper subset. Another question 
of interest would be to determine if the scheme can be 
simplified in the case where the given state \ip) is itself 
a graph state with known stabilizer, as this would allow 
for an efficient test of LU-equivalence between two graph 
states. These questions will be addressed in future work. 
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